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Introduction 

In the late 50's A. Van de Ven stated the foUowing theorem f jVdVSS) '): the only 
compact submanifolds with splitting tangent sequence of the projective space are 
linear subspaces. For a submanifold X of a projective manifold M the tangent 
sequence denotes the natural sequence 

Q^Tx^ Tm\x ^ Nx/M 

mapping the tangent bundle of X into the restriction of Tm to X. If the sequence 
splits, Tx becomes a direct summand of Tm\x- This means that the first linear 
approximations of X and M coincide in a neighborhood of X. The linear structure 
of P„ then forces X to be a linear subspace. Most proofs of Van de Ven's theorem 
rely on this fact. 

Aim of this paper is to study submanifolds with splitting tangent sequence of 
a given projective manifold M . We will consider in particular homogeneous man- 
ifolds, for example quadrics or abelian varieties. A compact manifold M is ho- 
mogeneous if and only if its tangent bundle is globally generated. Therefore any 
submanifold with splitting tangent sequence of a homogeneous manifold is again 
homogeneous. 

The idea is to study positivity of the tangent bundle: if Tm is "positive" , then 
the quotient Tx should be "positive" as well, telling us in turn hopefully something 
about the geometry of X. The main reason why this works out for homogeneous 
manifolds is the theorem of Borel and Rcmmert f |BK62| '): if M is a homogeneous 
manifold, then M decomposes as 

M ~Ax G/P, 

where A is an abelian variety (corresponding to the "trivial part" of the tangent 
bundle) and G/P is rational homogeneous (the "positive" part of Tm)- Rational 
homogeneous manifolds are quotients of semi-simple complex Lie groups and there- 
fore completely classified in terms of Dynkin diagrams. For the abelian part we can 
show 

13.21 Theorem. The tangent sequence of a submanifold of an abelian variety splits 
if and only if it is abelian. 

The question arises, whether the analogous statement holds true for the positive 
part as well: Is a submanifold with splitting tangent sequence of a rational homo- 
geneous manifold again rational homogeneous? So far we cannot deal with this 
question in general, but the answer turns out to be "yes" for all M considered here 
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(and it is "yes" provided that the dimension of X, relative to some positivity of Tm 
is big enough, see Proposition 12. 1(1 . 

14.51 Theorem. The tangent sequence of a submanifold of dimension at least 2 of 
the quadric Qn splits, if and only if it is a linear subspace or a complete intersection 
subquadric. A curve in with splitting tangent sequence is rational. 

Key of the proof is the fact that Qn and the projective space are the only projective 
manifolds X such that /\^ Tx is ample. This is a result of Cho and Sato ( CS95 ). 
But in our case we know moreover, that X is homogeneous, meaning that in fact 
we do not need that strong result, just using classification (which is of course in no 
way easier). Next consider Grassmannians: 

15. 21 Proposition. If X is a submanifold with splitting tangent sequence of a Grass- 
mannian, then X is rational homogeneous. 

One more homogeneous example is the flag manifold ^{Tp^). In Proposition l5.4l 
we show, that the only submanifolds with splitting tangent sequence of fiTy^) are 
sections of lines in P2 corresponding to one of the two projections m : V{Tv^) — > P2- 
Finally we consider the blow-up Pn (p) of P„ in a point p, an almost homogeneous 
manifold, obtaining a very similar result: 

16.31 Theorem. The tangent sequence of a submanifold X in Pn(p) splits, if and 
only if one of the following holds: (i) X is a linear subspace of the exceptional 
divisor, (ii) X is the strict transform of a linear subspace in P„, (Hi) X is the 
strict transform of a smooth conic through p or of a plane curve of degree 3 with 
node in p. 

Acknowledgements. This article contains results from the author's thesis which 
was prepared at the graduate program "Complex Manifolds" at the University of 
Bayreuth. The author wants to express her gratitude to her adviser Th. Peternell 
and to the late M. Schneider. As well she would like to thank the referee for his 
very careful proof-reading and his many valuable remarks. 

1. Splitting of sequences 

After fixing some notations we will sum up some criterions for submanifolds with 
splitting tangent sequence. We will need these properties frequently in the sequel, 
so it might be convenient for the reader to collect them here. 

1.1. Notations and Conventions. All manifolds (varieties) are assumed to be 
projective and defined over C. Let A C M be a submanifold. Then the tangent 
sequence of A in M 

{Sx/m) — > Tx — > Tm\x — » Nx/M — * 

will be denoted by Sx/m- If ^ C A is a further submanifold, then we have another 
exact sequence 

— > Nz/x — > Nz/M — > Nx/m\z — > 0, 
the normal bundle sequence of Z, A, M . By definition, a short exact sequence of 
vector bundles Q^A^B^C^Q splits, if there exists a morphism [3 : C ^ B 
with ao P = idc- This is true if Ext^(C, A) = 0, called Ext- or h^ -criterion. The 
Picard number of a manifold A will be denoted by p(A), the canonical divisor by 
Kx- We will identify Hne bundles and divisors and write Kx instead of Ox{Kx)- 
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If X is rational homogeneous, the (positive) generators of Pic(X) are called funda- 
mental divisors; if p{X) = 1, the fundamental divisor is denoted by Ox{^)- If E 
is a vector bundle on X, then P(£') is the projective bundle of hyperplanes in the 
sense of Grothendieck, P(-B) is the projective bundle of lines. 

1.2. Transitivity. Let Z d X and X c M be submanifolds. Then we have 







^ Tz > Tx\z ^ Nz/x ^ 



^ Tz ^ Tm\z ^ Nz/M *- 



^Tx\z ^Tm\z ^Nx/m\z *-0 







Wc obtain by chasing the splitting obstruction in that diagram (or by constructing 
the splitting morphism directly): 

(1) If Sz/M splits, that is the (horizontal) line in the middle, then Sz/x splits, 
that is the line on top. 

(2) If Sz/x and Sx/m both split, that are the top and the bottom (horizontal) 
lines, then the (vertical) normal bundle sequence and Sz/m split. Note that 
it is enough that Sx/m splits on Z. 

1.3. Fiber bundles. Let M be a projective manifold and tt : M ^ F a generic 

fiber bundle with typical fiber X onto some normal reduced variety Y . Then Sx/m 
splits. To see this consider an (analytically) open set U CY, where the fiber bundle 
is trivial and Y is smooth. Then the normal bundle of X in the preimage 'k~^{U) 
is trivial. On the other hand, the tangent bimdlc of 7r~^(?7) is the restriction of the 
tangent bundle of M . We may hence assume that Y is smooth and M = Y x X \& 
a product. In this case, the assertion is trivial. 

1.4. Projective bundles. Let Ehea. vector bundle on the projective manifold M 
and consider the projective bundle tt : ¥{E) M. Let X C P(-E') be a submanifold 
with splitting tangent sequence, such that the image 7r(X) is smooth. Assume 

(1) X = P{E\^^x)) or 

(2) w\x ■ X — > Tr{X) is an isomorphism and liom{Tf^E)/M\x ,Tx) = 0. 
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Then S^(^x)/m splits. To prove this consider the diagram 





Tx/t,(x) 

71 



■Tx 



■TT*T.. 



Is 

V 



0- 



r(E)/M\X 



P{E)\X 



7i'*rAfU(x) 



TV 



X/P{E) 







tt(X)/M 







In the first case we have 71 = id; in the second case the relative tangent bundle 
Tx/tt{x) vanishes, hence 71 — 0. The additional assumption in this case implies 
f/jo/^i = 0. In both cases we construct the splitting map f as follows: for an element 
X e Tr*TM\TT{x) there exists some y € Tpi^E)\x with l32{y) = x. Define 

<f{x) := a2{ik{y))- 

Since y is not unique, we of course have to check that is well-defined. This, and 
the splitting property ipo^^ = id7r*T^(x) '^^^ be shown by diagram chase. Since 'k\x 
has connected fibers, we conclude the splitting of iS^(x)/M from the splitting of the 
right (vertical) column. 

Assume conversely that X C f'{E) is a submanifold, such that 7r|x : X 7r(X) 
is an isomorphism and 5^(x)/m splits. Then Sx/v{e) splits. Indeed: the splitting 
of St^(x)/m implies the existence of a splitting map tp in the above diagram, and 
we have to show the existence of ij). Since X is a section, TxItt{x) is zero, hence 
is an isomorphism. We define = 01^^ o ip o 

2. POSITIVITY OF THE TANGENT BUNDLE 

Throughout this section let M = GjP be a rational homogeneous manifold of 
dimension n. Then M is in particular a Fano manifold; we denote its index by r, 
i.e. 

-Km = rH, 

where H e Pic(Af ) is ample and r is chosen maximal with this property. The 
tangent bundle of any homogeneous manifold M is globally generated; we denote 
the associated morphism by $m, 

(2.0.1) <fM ■■ nTM) ¥{H°{M,Tm)). 

After Stein factorization we may assume that the fibers of 4>m are connected. 
If the maximal dimension of a fiber of is k, then Tm is called fc- ample by 
Sommese f jSo78| '). This is equivalent to saying that k is the maximal dimension of 
a subvariety of M, where the restriction of Tm has a trivial quotient. Note that 
fc-ample vector bundles behave just like ample ones (see |So78p : quotients of a 
fc-ample vector bundle are again fc-ample, and there is a cohomological criterion for 
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fc-ample bundles as well. Goldstein computed the co-fc-ampleness ca(Af) — n — k 
for any rational homogeneous manifold M in |G82| . 

Another way to characterize positivity is to study exterior powers of Tm- For 
M ^ P„, the tangent bundle itsself is not ample, but its determinant —Km = 
/\" Tm is. We may hence ask for the minimal I, such that /\'' Tm is ample. Note 
that this implies that /\' Tm is ample for all j >l. By Mori's theorem, I = 1 implies 
M ~ P„, and Cho and Sato have proved in |US95| that I = 2 holds true if and only 
if M ~ Qn (for n > 3). For general (non-homogeneous) Fano manifolds it is not 
known, if it is possible to give an estimate for I in terms of index and dimension of 
M (see |P96| . (2.12.)). But for homogeneous M we will see that it is not difficult 
to compute I. First we prove the following easy, but nevertheless useful statement: 

2.1. Proposition. Let M be rational homogeneous and X C M a submanifold 
with splitting tangent sequence. Let k,l be the minimal numbers, such that Tm is 
k-ample and /\' Tm is ample, respectively. If dim{X) > min(fc + 1,^), then X is 
rational homogeneous. 

2.2. Corollary. In the situatuion of the Proposition, let X A y. G / P be the 

Borel-Remmert decomposition of X. Then dim(j4) < min(fc,Z — 1). 

Proof of Provosition \2. A Assume first dim{X) > fc + 1. The splitting Tm\x 
Tx yields that Tx is fc-ample and X is homogeneous. Let X ~ A x G/P be 
the Borel-Remmert decomposition of X and let pA : X —>■ A he the projection. 
Then there is a surjective map Tx p\Ta. This is not possible if dim(v4) > 0, 
since Ta is trivial and k < dim(X). 

If dim(X) > I, then /\' Tx is ample, since the splitting gives surjective maps 
Tm\x Tx ^0 for all j < dim{X). Hence -Kx is ample. □ 

2.3. Remark. For rational homogeneous M, the numbers k,l are related to the 
index r as follows: Goldstein computed ca(M) — n~k. Comparing his results with 
r, for example found in (A95| . we obtain 

k < n ^ r + 1. 

Equality holds for example if p(M) — 1 and the Lie group G defining M is of type 
Ai or Ci. There are many other cases, where equality holds, but in general not (see 

Cool). 

Concerning /: let —Km = rH , H ample. Then H is very ample, since M is ratio- 
nal homogeneous by jR R,85| . Consider the embedding ip^H\ '■ M ^ F{H^{M, Hj). 
Take exterior powers of the natural surjection flplm —> — > and use the duality 

A' Tm ® Km ^ ^ly'. Then A' Tm is a quotient of an ample bundle, hence ample, 
if 

(2.3.1) l<n-r + 2. 

Let on the other hand —Km = X^fiT'' ^i^i Pic(M), where Hi are the funda- 
mental divisors. Then ki > 1 for all i. Let ki^ be a mimimal coefficient. Let C 
be an a-line in M corresponding to that io, i.e., a smooth rational curve such that 
C.Hj = Sigj (see "KM). Then —Km-C = kig. Let (ai,...,a„) be the splitting 
type of Tm on C. Since Tm is globally generated, all at > 0. Moreover, m > 2 
for at least one i, since Tm\c contains the tangent bundle of C. Then there are at 
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least n — fli + 1 = n — ki^ + 1 zeroes in the splitting type. That means, that 

/\"' Tm cannot be ample for j < n — ki^ + 1. Hence I > n — mini(fci) + 2. Since 
r = gcd(fci) < mini(fci), we get 

(2.3.2) I = n-inmi{ki) + 2. 

If in particular p{M) — 1, then mini(/ci) = r, and we have equality in (|2.3.1|l . 

3. Projective space and complex tori 
We will start with some comments on Van de Ven's theorem 

3.1. Theorem [Van de Ven]. The tangent sequence of a submanifold of the 
projective space splits, if and only if it is a linear subspace. 

Van de Vcn himself published no proof of his theorem, but there are many 
different ones in the literature, see for example |L79j . |MR78j . or |MP97| . Working 
on projective connections, I. Radloff and the author found a very short proof in 
using that X inherits a projective connection from P„. A direct proof can 
be given using Mori's theorem, that P„ is the only projective manifold with ample 
tangent bundle f [CT79| ). 

Another possibility is to use Wahl's characterization of P„: if X C Pn is a 
submanifold with splitting tangent sequence, then Tx ® Op„ (— is globally gen- 
erated, implying (A,Op„(l)|x) = (P™,C'p„(1)) or (Pi,Op,"(2)) by IWah83| . In the 
latter case use for example the Euler sequence to show that the tangent sequence 
of a conic in ¥2 does not split. 

Next we consider compact complex manifolds with trivial tangent bundle, called 
parallelisable. A parallelisable Kahler manifold is a complex torus, in the projective 
case it is an abelian variety. 

3.2. Theorem. The tangent sequence of a submanifold of a parallelisable manifold 
splits, if and only if it is parallelisable. 

Proof. The proof relies on the following general fact on vector bundles (see for 
example |OSS80| . § 5, Exercise): a globally generated vector bundle E with trivial 
determinant on some manifold X is trivial. Indeed: since E is globally generated, 
we have a surjective map from a trivial bundle O^'' onto E. On the other hand, 
E* ~ jt; jg globally generated as well, in particular has a section. This 

gives a map E — > Ox. We obtain a non-zero map O®^ Ox, which is hence 
surjective and admits a splitting. We have proved E E' ® Ox- Moreover, E' is 
again globally generated with trivial determinant. We proceed by induction on the 
rank. 

Let AT be a submanifold of the parallelisable manifold M with splitting tangent 
sequence. Then Tx is globally generated, so we just have to prove that det(rx) = 
—Kx is trivial. Obviously, —Kx is globally generated. On the other hand, Kx is 
globally generated by adjunction formula, implying that Kx is in fact trivial. 

If conversely A C M is parallelisable, then the normal bundle of A in AI is 
globally generated with trivial determinant, hence trivial, i.e. the tangent sequence 
is a sequence of trivial bundles, hence splits. □ 
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4. QUADRICS 



Let Qn C Pn+i be the n-dimensional quadric hyperplane. We will show that the 
list of submanifolds with splitting tangent sequence consists (almost) of what one 
expects from Van de Ven's theorem: linear subspaces and complete intersections of 
hyperplanes. Only curves match not exactly in that scheme, they are all rational, 
but may have higher degree (see Example 14. 4|1 . 

For n > 3, the quadric Qn is rational homogeneous with p ~ I. The gen- 
erator of Pic(Q„) will be denoted by Oq^{1) = Op„+i (1)|q„ ; by adjunction for- 
mula, Oq^{—Kq^) = OQ^{n); by |G82| . Tq^ is 1-ample. From the surjective map 
^ip„+i ~^ ^Q„ ~^ ^^'^ Euler sequence on P„+i we deduce 

(4.0.1) OQ^{lf^^/\TQ^^0 

for N = (" J^) • The splitting type of Tq^^ on a line / in Q„ is 

(4.0.2) Tq^ li^Oi® 0,(l)®("-2) © Oi{2). 

In particular, Si/q^ splits. The section in P(Tq,J of any line / induced by the 
projection 

will be contracted to a point by the morphism from H2.0.1() . Using the identity 
Tq^ ~ fig (2), we may on the other hand view P(Tq,J as a subvariety of the flag 
variety of points and lines of Pn-i-i, such that the map is the projection to the 
Grassmannian of lines. Hence the exceptional fibers of <i>Q^ are exactly the sections 
of lines in Q„ (see |CW03| . Example 1). 

We start with (32 =i Pi x Pi: 

4.1. Proposition. The tangent sequence of a submanifold of Q2 = Pi x Pi splits 
if and only if it is a rational curve. 

Proof. Let C C (52 be a smooth curve with splitting tangent sequence. Then C is 
homogeneous, hence rational or elliptic. Assume C elliptic. By adjunction formula, 
C is a divisor of bidegree (2, 2) on Pi x Pi. Then the restriction of Tq^ to C is the 
sum of two line bundles of degree 4, whereas Tc is trivial. A contradiction. 

Let conversely C be a rational curve in Q2. Then C is of type (1, d — 1) for some 
d > 1, i.e. TqJc = Oc{2) Oci^d - 2), proving the claim. □ 

4.2. Proposition. A submanifold with splitting tangent sequence in Qn is rational 
homogeneous. 

Proof. We have already seen the case n = 2, hence assume n > 3. Let X C Qn 
be a submanifold with splitting tangent sequence. Then X is homogeneous, hence 
X ~ A X G/P, A abelian, G/P rational homogeneous. Identify a fiber of the 
projection X — > G/P with A. Then Sa/q^ splits bv 11.21 The induced section A' 
of A in P(rQ^) will be contracted to a point by ^q^, since Ta is trivial. This is 
impossible if dim(^) > 0, since all exceptional fibers of are rational curves. □ 

4.3. Rational curves of low degree in Qn- Let C C Qn, n > 3, be a rational 
curve of degree d < 3. Let L C Pn-i-i be the smallest linear subspace containing 
C. Then dim(L) — d and C is projectively normal embedded by the full linear 
system Oc{d) (which is in general not true for d > 4), meaning the restriction 
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map C'l(I)) ^ H^{C,Oc{d)) is an isomorphism. Therefore the dual Euler 

sequence 

^ Ol{i) — > 

remains surjective on TJ'^-level on C. Hence hP{C, VlWc{d)) = 0. On the other hand, 
TL\c{-d) = Tl{-1)\c is globally generated. This shows Tl\c = Oc{d + I)®''. 
Since 5i/p„^, splits, we get Nc/r^+, = Nc/l ® Oc(d)®^"+'"''^ and Tp„^Jc = 
Ocid+l)®'^®Ocid)®("+^~'^l 

Assume now the tangent sequence of C in Qn splits. This is always the case if 
C is a line (for d > 2 see the following Example I4.4|l . Let (oi, . . . ,a„_i) be the 
sphtting type of Nq/q^- Then a; < d + 1 for all i and ®ai=d+iOc{ai) ^ ^c/l- 
Since the cokernel of this injective map is free and it cannot be an isomorphism 
since deg{N(j ^ i^) = {d — l){d + 2), there are at most rk(iV(^/^) — 1 = d — 2 of the 
fli's greater than d. Summing up the a^'s, we find the splitting type of Tq^Jc is 

(0,1,. ..,1,2), (2,. ..,2) and (2, 3, . . . , 3, 4) 

for d = 1, 2 and 3, respectively. 

4.4. Example. For n > 6 we construct rational curves of given degree d > 2 
in Qn, with splitting tangent sequence and with non-splitting one: consider two 
submanifolds with splitting tangent sequence in Qn- a smooth 2-dimensional com- 
plete intersection subquadric, and a 3-dimensional linear subspace (which exists for 
n > 6). Both of them contain rational curves of arbitrary degree d. The tangent se- 
quence of any rational curve in the subquadric splits, whereas the tangent sequence 
of a rational curve of degree d > 2 in the linear subspace does not. 

4.5. Theorem. The tangent sequence of a submanifold X of Qn of dimension 
TO > 2 splits if and only if X P„i is a linear subspace or X cri Qm is a complete 
intersection subquadric. Curves in Qn with splitting tangent sequence are rational. 

Proof, li X ~ P„i is a linear subspace of Qn, then Sx/r^+i splits by Van de Ven's 
theorem, hence Sx/q„ splits bv 11.21 Let Qm C Qn be a complete intersection 
subquadric, i.e. ^qJ/q„ = Oq„ (1)®("-'"). By [MH, H\Q„„Tq,^{-1)) = 0, 
hence Sq^/q^ splits by /i-'^-criterion. 

Let conversely X C Qn be a submanifold with splitting tangent sequence. Then 
X is rational homogeneous by Proposition l4.2l In particular, if dim(X) = 1, then X 
is a rational curve. Assume dim(X) = m > 2. From the splitting Tq^ \x Tx 
we obtain that /\^ Tx is ample, using 14.0.111 . It follows X ~ P,„ or Qm'- for m — 2 
this is clear, since P2 and Pi x Pi are the only rational homogeneous surfaces. For 
TO > 3, Cho-Sato's result applies f |CS95j ): the projective space and the quadric are 
the only projective manifolds X, such that /\ Tx is ample. 

To complete the proof we have to determine the embeddings. Define d = deg{X) 
by Oq„(1)|x = Ox{d). Let ; C a: be a line in X. Then Si/x splits and Oq^{1).1 = 
d. From [L^ we get: Si/q^ splits, and the normal bundle sequence 

Ni/x Ni/Q^^ Nx/Q„ \i 

splits as well. Let (a^+i, ■ • • , On) be the splitting type of Nx/q,^ on /. The splitting 
type of Nijx is either (1, . . . , 1), if A ~ P^, or (0, 1, ... , 1), in the case A ~ Qm- 
Denote the splitting type of Tq^ \i by (ti, . . . , t„). Then 

{ti,-..,tn) = (1,...,1,2 ) or (0, 1, . . . , 1, 2, Om+i, ■ ■ • ,a„), 
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ii X ~ Pm or Qm, respectively. In 14. 31 we have proved: (^i, . . . , i„) = (2, . . . , 2) and 
(2,3,..., 3, 4) for d = 2, 3, respectively. This shows d^2,3. The map from ^^UT^i 
gives ®i^jOi[ti + tj) 0, hence d<U + tj for all i ^ j. Since m > 2, 

we have ii + t2 < 3. The only remaining possibility is d = 1. If X ~ P^, we are 
already done, for X ~ Qm, we have to show that X is a complete intersection of 
hyperplanes. 

Let i : X ^ Q m '~ — ^ be the embedding, and consider (^•^n Pm+i ^ 
hypersurface of degree 2. Since i/0(Q„, (1)) ~ i/''(P,„+i, Op,,,^, (1)), and 

Oq,„(i) = Oq„(i)Iq,„ =Op„+.(i)Iq™, 

it is possible to extend i to Pm+i- Hence C Pm+i C P„+i, where the last 
P„+i is the one containing (5„ as a hypersurface, and Pm+i C P„+i is a linear 
subspace. This linear subspace Pm+i cannot be contained in Q„: if it were, then the 
splitting of Sq^/q^ would imply the splitting of ^g^^/Pj^^j, which is not possible. 
It follows that Qm is the complete intersection of Qn and the linear subspace Pm+i 
inP„+i. □ 

4.6. Remark. Thinking of a generalization to other rational homogeneous mani- 
folds, it might be interesting to have an alternative argument, avoiding Cho-Sato's 
beautiful characterization of Qm- Since we already know, that X is rational homo- 
geneous by ProDOsition l4.2l we may use classification instead: let —Kx = Yli hHi, 
Hi e Pic(X) the fundamental divisors. Then the ampleness of /\ Tx implies 
minj(fcj) > dim(X) by H2.3.2II in Remark 12.31 Now check the list for the fc^, which 
can be found for example in 'A95I, to verify that in fact X — P^, are the only 
rational homogeneous manifolds with this property. 



5. Grassmannians and P(rp2) 

The Grassmannian G = Gr(fc,n -I- 1) of fc-dimensional subspaces of C""*"^ is 
rational homogeneous with Picard number one. The dimension of G is k(n+ 1 — k), 
and by |G82| . Tg is {k{n + 1 — k) — n)-ample. 

5.1. The fibers of the morphism $g. There is a nice description of the fibers 
in this case: denote the trivial bundle on G by V = O^"^^. Let U C V he the 
universal subsheaf and Q the universal quotient sheaf. Then Tq = T-Lom{U, Q), and 
the projective bundle P(Ig) consists of all pairs [U, [</?]) with U CV, dim(C/) = fc, 
Lp G Hom(y/?7, U) and ip ^ Q. Thus, by composing inclusion and projection, there 
is a natural map 

P(T^) P(Hom(V^, V^)) ~ G X P(Hom(K V)) P(Hom(F, V)). 

Hence $g = f ° j and the fiber over a point [tf^] G P(Hom(y,F)) is just the 
set of all pairs {U,[ip\) £ P{'Hom{Q,U)), such that j{ip) = ipQ, i.e., all J7 £ G 
with im(iy9o) C C/ C ker((^o)- The exceptional fibers of are isomorphic to 
Gr(fc — r,n + 1 — 2r), 1 < r < fc — 1. This implies: 

5.2. Proposition. Let G = Gr(fc,n-|- 1) be a Grassmann manifold. If X C G is 
a submanifold with splitting tangent sequence, then X is rational homogeneous. 

Proof. Let X C G be a submanifold with splitting tangent sequence. Then X is 
homogeneous, hence X ~ A x G/P, A abelian and G/P rational homogeneous. 
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Assume dim(A) > 0. Identify a fiber of the projection X G/P with A. Then 
<Sa/g sphts bv ll.3l and ll.2l The surjection 

induces a section A' of A in F{Tc,), which is contracted to a point by $g- But aU 
exceptional fibers of $g are Grasmannians as seen in 15. II meaning that there exists 
a strictly smaller Grassmannian G' C G that contains A. Bv ll.2l Sa/g' splits. We 
proceed by induction on the dimension of G. Since the smallest Grassmannian is a 
Pi, we finally get dim{A) =0. □ 



The flag manifold ¥{Tp^) is rational homogeneous with Picard number two. It 
may be realized as a divisor of bidegree (1,1) in P2 x The projections are 
denoted by tti , 7r2 : P(Tip2 ) P2 ; the two fundamental divisors are 

= <Op,(l), z-1,2. 

We consider here just the case n — 2 instead of P(rip^) in general, since we then 
may determine again the fibers of $p(7]p_^): similar to the case of Qn we find that 
any exceptional fiber of '&p(Tp2 ) is a section of some = i^i + F2 in ^{Tp^ ) , where 
Fi is a fiber of the projection tt^ (see |GW03j . Example 2). Now the same argument 
as in Proposition 15 . 21 shows: 

5.3. Proposition. If X C V{Tp^) is a submanifold with splitting tangent sequence, 
then X is rational homogeneous. 

5.4. Proposition. The tangent sequence of a submanifold ofViTp.^) splits if and 
only if it is either a section of a line in P2 or a rational curve C of bidegree (2, 2), 
such that TTjlc : C — + P2 is an embedding for both projections. 

Proof. 1.) The tangent sequence of a section of a line in P2 splits bv 11.41 Let 
C C T{Tv^) be a rational curve of bidegree (2,2), such that 'Ki\c : C — > P2 is an 
embedding for j = 1, 2. 

First note that such curves really exist: take any smooth conic Co in P2. Since 
the splitting type of Tp^ on Co is (3, 3), we have Si = 7rf ^(Cq) ~ Pi xPi, the second 
projection 772 : iSi — *■ P2 being a double cover. The ramification divisor is our curve 
C e |OpixPi(l, 1)1- Conversely, C will always be contained in the surfaces 

5, = 7rri(^,(C)) ~Pi xPi, 

since 7ri(C) C P2 are smooth conies by assumption. 

We want to show the splitting of Sc /riTr^ ) ■ The restriction of the relative tangent 
sequence corresponding to tt^ is 

Op, (2) Tr(T,Jc Opi(3) ® Op,{i) 0. 

This sequence splits, i.e., the splitting type of Tp(j-|,_^) jc- is (2,3,3). We claim the 
splitting type of the normal bundle is (3, 3). Consider 

a:X — > P(Tp2) 

the blow-up of P(Tp2) along C. By classification, X is a Fano threefold with p{X) = 
3 (see |MM81j and [MM83, or jIP99j V and we have the following commutative 
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diagram f jMMSlj . Proposition 9 and 10) 




where ai is birational for i = I and 2, contracting the strict transform of the surface 
Si to a curve Ci of the same type as C, i.e., Ci is a curve of bidegree (2, 2), such 
that both projections embed Ci into P2. Starting now with say Ci in Yi ~ P(Tp2), 
we find that the exceptional divisor 

of the bfow-up a is the strict transform of S' = 7r'~^(7r'(Ci)) ~ Pi x Pi. This shows 
~ Pi X Pi. By adjunction formula, deg{Nc /r(Tp^)) = 6, i.e., the splitting type of 
^c/P(Tp2) is indeed (3,3), proving the splitting of Sc/p(Tr^)- 

2.) For the converse we have to consider rational curves, and surfaces isomorphic 
to P2 or Pi X Pi by Proposition O 

(i) Let C C P{Tp2) be a rational curve with splitting tangent sequence. Assume 
Li.C = a and L2.C = 6 with a > 6 > 0. If 6 = 0, then C is a fiber of tt2 and we 
are done. If 6 = 1, then 112 maps C isomorphically to a line in P2. We may hence 
assume b > 2. 

Assume 6 = 2. Then TT20prj{l).C = 2 implies tt2\c is either a double cover of 
a line or an isomorphism onto a smooth conic in P2. Assume first 7r2(C) is a line. 
Then C is contained in the Hirzcbruch surface 

E = P(TpJ,,(C)) = P(OPi(l) ® Op,{2)) 

with C <£ 10^(2) (8) 7r2|£Opi (— 2)1, since C is rational by assumption. We find that 
C does not meet the minimal section of E, i.e., viewing E = P2(p) as blow-up of 
P2 in a point, E is isomorphic to that P2 in a neighborhood of C. But the splitting 
of Sc/r{TT^) implies the splitting of Sc/i:, which is impossible, since the tangent 
sequence of a conic in P2 does not split. 

Assume 6 = 2 and H2{C) is a conic in P2. This is impossible for a > 3, since the 
tangent sequence of a conic in P2 does not split, and 11.41 applies. Hence a = 2 and 
as above we find TTijc : C ^ P2 is an embedding as well. 

Assume 6 > 3. Let (s,i) be the splitting type of TTgTp^lc- Then s,t > b 
(Euler sequence). For the relative tangent sequence corresponding to 7:2 we see 
'7p(Tp2)/P2 Ic = Oc(2a — 6). The dual sequence twisted by Oc{2) then yields 2 — s > 
or 2 — i > 0, since 6 — 2a + 2 < (use a > 6 > 3), a contradiction. 

(ii) Let S C F{Tp2) be a surface with splitting tangent sequence. From the ideal 
sequence we obtain /i°(P(Tp2), Op(j-p^ ) (^^(7-1^,^ ) + S)) = since 

/i°(P(TpJ,ifp(T,^)) = h°iS,Ks) = 0. 
11 



Assume S G \aLi + 6L2I with a > 6 > 0. Consider P(rp2) as a divisor of bidegree 
(1,1) in P2 X P2. Then the above vanishing imphes 

/i°(P2 X P2, Op,xP.(a - 2, 6 - 2)) = /i"(P2 X P2, Op,xP.(a - 3, 6 - 3)), 

which imphes 6 < 1 by Kiinneth's formula. If 6 = 0, then there exists a smooth 
curve C of degree a in P2, such that S ~ P(rp2|c'). Then C is rational and 
S' ~ Pi X Pi, which is impossible. If 6 = 1, then 5 ~ P2 is a section of tti and 
9 = Kg = 8 — a{a + 1) by adjunction formula, again a contradiction. □ 

6. Blow-up of P„ in a point 

The blow-up of P„ in a point p G P„ is not homogeneous but almost homoge- 
neous. We use the classification theorem of Huckleberry and Oeljeklaus for almost 
homogeneous varieties with exceptional locus a point ( jH084| '). 

Denote the blow-up of P„ in the point phy cp : P„(p) P„. Call the exceptional 
divisor E. Then \Lp*Op^{l) — E\ defines a morphism tt : P„(p) — » P„_i, identifying 
P„(p) with the projective bundle P(C'p„_i © Op^_,{l)): 



The tautological line bundle 0(1) of P(Op,._i ® Op^_,{l)) is ip*Op^{l), the excep- 
tional divisor of </? is the minimal section of tt. We have 

6.1. Lemma. Let P,„ C P,i be a linear subspace. Then the tangent sequence of 
the strict transform o/P^ in P„(p) splits. 

Proof. If Pm does not contain the point p, then the assertion is trivial, we may 
hence assume p G Pm. Then the strict transform of P,„ is Pm(p)- By the transitivity 
principle 11.21 we may assume n = m + 1 > 2. The claim hence follows from the 
vanishing of 

H\¥m{p),Tp^ip)®Tr*Op,^_,i-l)). 

We consider the relative tangent sequence 

0(2) ® 7r*C)p,„_,(-l) Tp,„(p) — ^ n*Tp„^_, 0, 

twisted by 7r*Op^^_j (— 1). Since all higher direct image sheaves vanish, we obtain 
the desired vanishing for m > 3 by Bolt's formula. For m — 2, consider the twisted 
tangent sequence 

0^Tp,(p)®7r*C)p,(-l) — >Tp3(p)®^*Op,(-l)|p,(p) --^Op,(p) —^0. 

We have to show that this sequence is exact on i7°-level, which follows from the 
identity 

1 (P2 (p) , Tp, (p) ® TT* Op, (- 1 ) ) ~ i/i (P2 (p) , rp3 ® ^* Op, ( - 1 ) |p, (p) ) , 

since _ff^(P2(p), Op2(p)) vanishes. Applying the above argument twice, we show that 
both H^'s are onedimensional, where we use the twisted ideal sequence of P2{p) in 
P3(p) to compute the right hand side. In the case m = 1, Pi(p) ~ Pi is a fiber of 
TT, i.e. the claim follows bv ll.3l □ 
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Now let X C Fn(p) be a submanifold with splitting tangent sequence, not con- 
tained in E. There are vector fields on P„ with zero in p, generating Tp^ outside p. 
These generate ?p^(p) outside E and the same holds true for the quotient bundle 
Tx- Therefore X and (p{X) are almost homogeneous varieties with exceptional 
locus contained in E and {p}, respectively. We will start considering curves: 

6.2. Curves in Pn{p) with splitting tangent sequence. Let C C Pn(p) be 
a smooth curve. If C is contained in E, then Sc'/p„{p) splits, if and only if C is a 
line in E; if C does not meet E, then Sc/p„{p) splits, if and only if C is the strict 
transform of a line in P„. 

Assume Sc/p„{p) splits and C meets E in points. Then there are vector fields 
with zeroes on C, hence 1 < E.C < 2 and C is rational. Define 

k^E.C and ip*Op^{l).C. 

We have 1 < A: < 2 and d > A:. From 7r*Op„_,(l) = ip*Op^{l) ® Op^(^p){~E) we 
obtain 

n*Ov^_,{l).C = d-k. 

Show d — k < 2. Let (ti, . . . , be the splitting type of 7r*Tp^_j \c- Pulling back 
the Euler sequence shows ti > d — k > Q for all i. Consider the relative tangent 
sequence restricted to C 

(6.2.1) 0— .Oc(d + fc) ^7r*rp„_Jc — ^0. 

From the splitting we have a "2" in the splitting type of Tp^(p)|c. Then either 
d = fc = 1, or there is at least one ti < 2. Hence 0<d — k<2as claimed. We 
consider the cases d — fc = 0, 1, 2 seperately, having in mind that fc = 1, 2. 

1. ) d — k = 0. Then d — k = 1, i.e. C is a fiber of tt, that is the strict transform 
of a line in P„ and Sc/p„{p) indeed splits by Lemma Ifi. II 

2. ) d ^ k — 1. We claim that Sc/p^(p) splits if and only if we are in the 
situation of 3. in Theorem IS. 31 The morphism Trjc is defined by sections from 
b''*C'p„-i(l)|c| — 1*^0(1)1, hence C maps isomorphically to a line in F„-i. Then C 
is a section of the Hirzebruch surface 

(6.2.2) E = P(Cp„-i U(C) ® Op„-i (l)k(c)) = nOp, © Op, (1)). 
The relative tangent sequence restricted to C looks like 

0^Oc{d + k)^Tj:\c^Oc{2)^0 

and sphts by /i^-criterion, i.e. TeIc — Tc ® Odd + k). Then Sc/t. sphts. On the 
other hand, S is the blow-up of a linear subspace P2 C Fn in p, meaning 5s/p^(p) 
splits by Lemma 16.11 This implies the splitting of Sc /p„ (p) (transitivity principle 
11.2(1 . The image f{C) is a plane curve of degree d in P„. There are two possibilities: 
if fc = 1, then d — 2 and ip{C) is a smooth conic in P„; if fc = 2, then d = 3 and 
(y9(C) is a curve of degree 3 with a node in p. 

3. ) d — k = 2. We will show that Sc/p^(p) does not split in this case. Since 
7i'*Op„_i (1).C — 2, Tr\c is either an isomorphism onto a smooth conic in F„-i, or a 
2:l-covering of a line. Assume the latter case. Then C is a multisection of degree 
2 in the Hirzebruch surface S from H6.2.2|l . By adjunction formula, C G |C'i;(2)|, 
where ©^(l) is the tautological line bundle on S. If Cq denotes the minimal section 
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of E, then C.Cq = 0. On the other hand, Co is the restriction of E to E, hence 
C.C'o = fc by definition. This is impossible. 

Assume Tr\c '■ C — > 7r(C) is an isomorphism. We have Tp^(^pyp^_-^\c = Ocid+k) 
from and d + fc = 2fc + 2 > 4, i.e. Hom(rp^ (p)/p^_ Jc, Tc) = 0. Since 

S^(^C')/Pn^i does not spUt, •Sc'/p^{p) cannot spUt by II. 41 

6.3. Theorem. The tangent sequence of a submanifold X of the blow-up Pri(p) 
of P„ in a point p splits if and only if one of the following holds: 

(1) X is a linear subspace of the exceptional divisor, 

(2) X is the strict transform of a linear subspace in P„, 

(3) X is the strict transform of a smooth conic through p or of a plane curve 
of degree 3 with node in p. 

Proof. We have seen the result for curves in 16.21 so assume dimX > 2. Then 
Lemma Ffi. II shows the "if" -part of the theorem. It remains to prove the converse. 

Let X C Pn(p) be a submanifold with splitting tangent sequence of dimension at 
least 2. li X n E = (I) 01 X C E, then the claim is trivial by Van de Ven's theorem 
and ll.2l We may hence assume X n E ^ {9, X}. 

From the splitting, the image f{X) C Pn is an almost homogeneous variety of 
dimension greater than 1 with exceptional locus contained in {p}. Then by jH084j . 
p. 113, Theorem 1, the normalization /i : X' vi^) is a cone over a rational 
homogeneous manifold Q. That means: X' is the image of the contraction of the 
minimal section Qq of the projective bundle Z ~ P(Oq © L) over Q for some very 
ample line bundle L on Q: 




By construction, X' is smooth outside ^p{Qo) = p' and p' lies over p. The induced 
map (fi' is an isomorphism on X\{E n X) X'\ii^^{p), where iJ,~'^{p) is a finite 
set containing p' . On the other hand, ip is an isomorphism on Z\Qo — > X'\{p'}, 
hence 

(6.3.1) x==<^'"^°V': Z\{Qo U -points) X\{Er\X) 

is an isomorphism. Choose a general Qi G jOzll)!, the tautological line bundle on 
Z, such that Qi does not meet the exceptional points in (|6.3.1|l . Since QiCiQo — 0, 
we find an isomorphic image xiQi) — Qi in not meeting E. Since Sq^/z 
splits bv ll.4l also 5^(Qi)/x splits. This implies the splitting of '5^(Qi)/p„(p) bv ll 21 
Since xiQi) does not meet E, the image </3(x(Qi)) is isomorphic to xiQi) in & 
neighborhood of x(<9i)i hence ^p(x{Qi)) is smooth and '5<^(x(Qi))/p„ again splits. 
By Van de Ven's theorem, then V'(x('9i)) — is a linear subspace. 

We conclude: Q ~ P^ and L = Or^{k) for some A; > 1. Since tp is defined by 
102(1)1, we find V'*A«*Cp„ (1) = Oz{d) for some d > I. Restricting to Qi ~ P,„ 
gives kd — 1, since the image of Qi in P„ is a linear subspace. Hence k — d — 1, 
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i.e., X' ~ Pm+i is smooth and ji is cin isomorphism. Then (^(^) — — IP^-|_i is a. 
hnear subspace of P„, completing the proof. □ 
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